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Abstract
In this work the longitudinal wave equation through magneto-electro-elastic circular
rod is studied analytically. Painleve´ test is performed to check integrability of the
equation. Exact solitary wave solutions are found by homogeneous balance method and
Tanh method and are plotted using suitable values of physical parameters. A similar
solution to an earlier related work [17, 20] is obtained. However we have obtained a
new solution as well. Lie symmetry analysis has been done and similarity reduction of
the equation is presented. Numerical results related to phase velocity etc for different
materials has been derived and compared.
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1 Introduction:
Nonlinear partial differential equations(PDE) are rife in contemporary mathematical
modeling. Many problems of physics, mathematics, biology, chemistry are described by non-
linear differential equations [1,2]. It appears in many situations in hydrodynamics, plasma
physics, complex dynamical systems, mathematical biology, nonlinear optics, engineering
fields etc. The list is getting longer day by day.
Integrability provides significant information for physical phenomena described by
differential or difference equations. Different analytic and algebraic methods have been
developed in this direction [3]. Painleve´ analysis is an important tool in studying the sin-
gularity structure of a differential equation [4]. Discrete Painleve´ equations have also been
constructed following the lineage of continuous ones [5]. Hirota’s bilinear method is very
much useful for obtaining the multi soliton solution as well as the integrability of nonlinear
evolution equations [6]. [7] contains detailed discussions and a summary of other methods.
Exact solutions to nonlinear differential equations may be required not only for
their quantitative study but also for validation for certain numerical methods. In the last
few decades various methods are proposed to solve nonlinear differential equations ana-
lytically. Among them homogeneous balance method [8,9], Tanh method [10], Lie sym-
metry method [11], Ba¨cklund transformation method [12], G′/G expansion method [13],
Kudryashov method or the Q− function method [14] etc are well known. Homogeneous
balance(HB) method are widely used to obtain exact solutions and auto Ba¨cklund trans-
formations of nonlinear PDEs. Wang et al. [8] used the HB method and obtain new exact
solutions of some well known nonlinear PDEs. Fan et al. [15] showed a close relationship
among HB method, WTC method and Clarkson-Kruskal (CK) method [16]. Tanh method
is used to obtain exact traveling wave solutions to nonlinear PDEs. Malfliet and Hereman
developed a systematic version of this method in [10] and by applying this they solved some
popular nonlinear PDEs. Lie symmetry method for differential equations was introduced by
Sophus Lie. Though it is tedious and highly algorithmic, most of the well known techniques
of solving differential equations can be deduced as special cases of the symmetry methods.
In this work our main objective is to find exact solutions of a Boussinesq type equation
of longitudinal wave in a magneto-electro-elastic(MEE) circular rod which was derived by
Xue et al.[17]. In recent times, nonlinear dynamics of condensed matter physics, in partic-
ular, elastic solids, is an active area of research [18]. MEE structures are used in various
engineering fields(like sensors, actuators etc.). Wave propagation in MEE media has got a
special value in recent past, many researchers are working on it. Baskonus et al. [19] derived
some exact solutions of this equation by modified exponential expansion function method.
Ma et al. obtained exact traveling wave solution by modified G′/G expansion method in
[20]. The governing equation [17, 19, 20] for longitudinal wave in MEE circular rod is:
utt − v20uxx − (
v20
2
u2 +mutt)xx = 0 (1)
where v0 is the linear longitudinal wave velocity and m is the dispersion parameter. These
parameters are dependent on the material and geometry of the rod.
Here we have considered a homogeneous circular rod of infinite length, which is made
of composite BaTiO3-CoFe2O4. We consider different material combinations by changing
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the volume fractions of BaTiO3 as 0%(PM), 50%(MEE), 100% (PE). When the volume of
BaTiO3 is 0% in the rod then it is piezomagnetic(PM), when it is 100% then it is piezoelec-
tric(PE) and in the case of 50% BaTiO3 it is magneto-electro-elastic(MEE) [17]. We also
considered two purely elastic materials- transversely isotropic elastic material(TI) taking
from 50%(MEE) only the elastic coefficients and effective elastic isotropy(EI) obtained from
the TI by making it isotropic. Different values of the linear longitudinal wave velocity v0
and the dispersion parameter m were calculated by Xue et al. in [17]. We listed these values
of v0,m in table 1.
The rest of this paper is arranged as follows. In section 2, Painleve´ test on (1)
is given. In section 3 and 4, exact solutions of (1) are obtained by homogeneous balance
and Tanh methods respectively. Section 5 gives a static solution. Section 6 contains Lie
symmetry analysis and similarity reduction of (1). Group velocity and phase velocity of the
corresponding longitudinal waves are found in section 7. Finally, conclusion of this work is
drawn in the section 8.
2 Painleve´ Test:
Painleve´ test is a powerful tool to check the integrabilty of a differential equation. It was
conjectured by Ablowitz et al. [21] that every exact reduction of an integrable nonlinear
partial differential equation to ODE gives rise to an ODE possessing the Painleve´ property:
having no movable singularity other than pole [4]. In other words, the existence of an ODE,
not having the Painleve´ property, by exact reduction from a nonlinear PDE concludes that
this PDE is not integrable. In this direction we use the traveling wave variation:
u(x, t) = ψ(z), z = kx− ωt. (2)
(1) becomes
mω2k2
d4ψ
dz4
+ (v20k
2 − ω2)d
2ψ
dz2
+ v20k
2ψ
d2ψ
dz2
+ v20k
2(
dψ
dz
)2 = 0 (3)
To perform Painleve´ test on equation (1) we collect the leading terms from (3)
mω2
d4ψ
dz4
+ v20ψ
d2ψ
dz2
+ v20(
dψ
dz
)2 = 0 (4)
We put ψ = a0
zp
[14] in (4) and obtain
p = 2, a0 = −mω
2
2v20
(5)
To find the Fuch’s indices [14] we put
ψ =
a0
z−2
+ ajz
j (6)
in (4) and equate the coefficients of aj in the resulting equation to zero and get
2j(j − 1)(j − 2)(j − 3)− j(j − 1) + 4j − 6 = 0 (7)
Solving (7) we find the Fuch’s indices as: j1 = 2, j2 = 3, j3 =
1−√3
2
, j4 =
1+
√
3
2
. The irrational
Fuch’s indices j3, j4 indicate that (3) and hence (1) fails the Painleve´ test. Equation (1) does
not possess the Painleve´ property.
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3 Exact Solution by Homogeneous Balance Method:
Now we try to find solution of (1) by homogeneous balance method in the form
u(x, t) =
∂r
∂xr
f(φ(x, t)) + u1(x, t) (8)
where f, φ are functions of x, t to be determined and u1(x, t) is a solution of (1). Let us take
r = 2.
i.e.
u(x, t) =
∂2
∂x2
f(φ(x, t)) + u1(x, t) = f
′′.φ2x + f
′.φxx + u1 (9)
By putting (9) in the left hand side of (1) and rearranging we get
utt − v20uxx − (
v20
2
u2 +mutt)xx
= −[v20(f ′′′2 + f ′′.f iv)φ6x +mf viφ4xφ2t ]− [v20(12f ′′f ′′′ + f ′f iv)φ4xφxx +m(8f vφ3xφxtφt
+f vφ4xφtt + 6f
vφ2xφxxφ
2
t )] + [f
ivφ2xφ
2
t − v20f ivφ4x − v20(12f ′′2φ2xφ2xx + 2f ′f ′′′φ3xφxxx + 4f ′′2φ3xφxxx
+6f ′f ′′′φ2xφ
2
xx + u1f
ivφ4x)−m(12f ivφ2xφ2xt + 4f ivφ3xφxtt + 24f ivφxφxxφxtφt + 12f ivφ2xφxxtφt
+6f ivφ2xφxxφtt+ 3f
ivφ2xxφ
2
t + 4f
ivφxφxxxφ
2
t )] + [4f
′′′φxφxtφt + f ′′′φ2xφtt + f
′′′φxxφ2t
−6v20f ′′′φ2xφxx − v20(2u1xf ′′′φ3x + 10f ′f ′′φxφxxφxxx + f ′f ′′φ2xφxxxx + 3f ′f ′′φ3xx + 6u1f ′′′φ2xφxx)
−m(12f ′′′φxxφ2xt + 24f ′′′φxφxxtφxt + 12f ′′′φxφxxφxtt + 6f ′′′φ2xφxxtt + 12f ′′′φxxφxxtφt
+3f ′′′φ2xxφtt + 8f
′′′φxxxφxtφt + 8f ′′′φxφxxxtφt + 4f ′′′φxφxxxφtt + f ′′′φxxxxφ2t )] + [2f
′′φ2xt
+2f ′′φxφxtt + 2f ′′φtφxxt + f ′′φxxφtt − v20(3f ′′φ2xx + 4f ′′φxφxxx)− v20(f ′2φ2xxx + 6u1xf ′′φxφxx
+u1xxf
′′φ2x + f
′2φxxφxxxx + 3u1f ′′φ2xx + 4u1f
′′φxφxxx)−m(6fφ2xxt + 6f ′′φxxφxxtt + 8f ′′φxxxtφxt
+4f ′′φxxxφxtt + 4f ′′φxφxxxtt + 2f ′′φtφxxxxt + f ′′φxxxxφtt)] + [f ′φxxtt − v20f ′φxxxx − v20(2u1xf ′φxxx
+u1xxf
′φxx + u1f ′φxxxx)−mf ′φxxxxtt] + [u1tt − v20u1xx − (
v20
2
u21 +mu1tt)xx]
(10)
Now we equate each third bracketed term in (10) to zero, to make sure that (9) gives a
solution of (1).
From the first third bracketed term we have
v20(f
′′′2 + f ′′.f iv)φ6x +mf
viφ4xφ
2
t = 0 (11)
We assume that
f = σ log φ,
φ(x, t) = 1 + exp(kx− ωt+ θ0). (12)
where θ0 is arbitrary constant and k, ω, σ are constants to be determined. When we equate
each third bracketed term in (10) to zero, we use (12) and the results
f ′′f ′′′ = − σ
12
f v, f ′′2 = −σ
6
f iv, f ′f ′′′ = −σ
3
f iv, f ′f ′′ = −σ
2
f ′′′, f ′2 = −σf ′′ etc.etc. (13)
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Equating each third bracketed term in (10) to zero we get a system of algebraic equations.
Solving this system we find u1 as a constant and
σ =
12mω2
v20k
2
ω =
√
1 + u1
1−mk2v0k (14)
Using (12) and (14) in (9) we obtain a solution of (1)
u(x, t) = u1 +
6mk2(1 + u1)
(1−mk2)[1 + cosh(kx−
√
1+u1
1−mk2v0kt+ θ0)]
(15)
where θ0, k, u1 are constants(can be taken arbitrary).
Figure 1: Plot of u(x, t) given in (15) with v0 = k = 1,m =
1
2
, u1 = θ0 = 0
4 Exact Solutions by Tanh Method:
We are now going to find solution of (1) by Tanh method. We are looking for the solution
of (3) with the boundary condition
ψ(z) −→ 0, d
nψ
dzn
−→ 0 (n = 1, 2, 3, ...) for z −→ ±∞. (16)
With the assumption that traveling wave solutions are expressible in terms of tanh z, we
introduce Y = tanh z as a new dependent variable. Let
u(x, t) = ψ(z) = S(Y ) =
N∑
n=0
anY
n, Y = tanh z = tanh (kx− ωt) (17)
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Equation (3) becomes
mω2k2(1− Y 2)4 d
4S
dY 4
− 12mω2k2Y (1− Y 2)3 d
3S
dY 3
+ {(v20k2 − ω2)(1− Y 2)2 + v20k2S(1− Y 2)2
−2mω2k2(1− Y 2)2(4− 18Y 2)} d
2S
dY 2
+ v20k
2(1− Y 2)2
(
dS
dY
)2
+ 2{2mω2k2(4− 6Y 2)
−(v20k2 − ω2)− v20k2S}Y (1− Y 2)
dS
dY
= 0 (18)
Using (17) in (18) and balancing the highest degree in Y we get N = 2. The boundary
condition (16) implies
S(Y ) −→ 0 for Y −→ ±1 (19)
We only consider the limit Y −→ 1. Then the possible form of the solution is
S(Y ) = b0(1− Y )(1 + b1Y ) (20)
where b0, b1 are constants to be determined (remember that N = 2 and S(Y ) −→ 0 as
Y −→ 1).
We put (20) in (18), then equate the coefficients of different powers Y to zero and obtain
b0 =
12mω2
v20
, b1 = 1, k = ± ω√
4mω2 + v20
(21)
Using (21) in (20) we obtain solutions of (1) as:
u(x, t) =
12mω2
v20
Sech2
(
± ω√
4mω2 + v20
x− ωt
)
(22)
where ω is any constant.
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Figure 2: Plot of u(x, t) given in (22) with + sign and v0 = ω = 1,m =
1
2
Figure 3: Plot of u(x, t) given in (22) with - sign and v0 = ω = 1,m =
1
2
5 Static Solutions:
Now we are going to find a solution of (1) in the form
u(x, t) = cf(x), (23)
where c is a constant and f is a function to be determined.
We put (23) in (1) and integrating get
f(x) =
−1±√1 + 2(Ax+B)c
c
Thus we obtain
u(x, t) = −1±
√
1 + 2(Ax+B)c, (24)
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a static solution of (1), where A,B, c are arbitrary constants.
Figure 4: Plot of u(x, t) given in (24) with + sign and v0 = A = B = c = 1
Figure 5: Plot of u(x, t) given in (24) with - sign and v0 = A = B = c = 1
6 Lie Symmetry Analysis and Similarity Reduction:
We want to solve (1) by using the Lie symmetry method. We introduce the symmetry
transformations as: (x, t, u)→ (xˆ, tˆ, uˆ) where
xˆ = xˆ(x, t, u(x, t); ), yˆ = yˆ(x, t, u(x, t); ), zˆ = zˆ(x, t, u(x, t); ). (25)
Tangent vectors at (xˆ, tˆ, uˆ) is (ξ, τ, η) where
dxˆ
d
= ξ(xˆ, tˆ, uˆ),
dtˆ
d
= τ(xˆ, tˆ, uˆ),
duˆ
d
= η(xˆ, tˆ, uˆ) (26)
subject to the initial condition
(xˆ, tˆ, uˆ)|=0 = (x, t, u) (27)
We want point symmetries of the form
xˆ = x+ ξ(x, t, u) + o(2) (28)
tˆ = t+ τ(x, t, u) + o(2) (29)
uˆ = u+ η(x, t, u) + o(2) (30)
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The prolongation of the above point transformation to derivatives are given below:
uˆxˆ = ux + η
x(x, t, u, ux, ut) + o(
2)
uˆtˆ = ut + η
t(x, t, u, ux, ut) + o(
2)
uˆxˆxˆ = uxx + η
xx(x, t, u, ux, ut, ...) + o(
2)
uˆtˆtˆ = utt + η
tt(x, t, u, ux, ut, ...) + o(
2)
uˆtˆtˆxˆxˆ = uttxx + η
ttxx(x, t, u, ux, ut, ...) + o(
2)
(31)
where
ηx = Dxη − uxDxξ − utDxτ
ηt = Dtη − uxDtξ − utDtτ
ηxx = Dxη
x − uxxDxξ − uxtDxτ
ηtt = Dtη
t − utxDtξ − uttDtτ
ηttx = Dxη
tt − uttxDxξ − utttDxτ
ηttxx = Dxη
ttx − uttxxDxξ − utttxDxτ
(32)
and Dx = ∂x + ux∂u + uxx∂ux + utx∂ut + uxxt∂uxt + ...
We rewrite (1) as
utt − v20uxx − v20u2x − v20uuxx −muttxx = 0 (33)
Thus, the symmetry condition for (1) is
uˆtˆtˆ − v20uˆxˆxˆ − v20uˆ2xˆ − v20uˆuˆxˆxˆ −muˆtˆtˆxˆxˆ = 0
⇒ utt + ηtt − v20(uxx + ηxx)− v20(ux + ηx)2 − v20(u+ η)(uxx + ηxx)−m(uttxx + ηttxx)
+o(2) = 0 [by(31)] (34)
Equating the coefficients of  in (34) to zero we get the linearized symmetry condition:
ηtt − v20ηxx − 2v20uxηx − v20(uηxx + uxxη)−mηttxx = 0 (35)
We find the explicit values of ηx, ηxx, ηtt, ηttxx from (32) and then put these values in (35).
Since ξ, τ, η are independent of the derivatives of u then we equate the coefficients of different
derivatives of u from both sides of the resulting equation. Simplifying we get:
ξ = c1, τ = −c2 t
2
+ c3, η = c2(1 + u). (36)
where c1, c2, c3 are arbitrary constants. The infinitesimal symmetry generator is given by:
X = ξ
∂
∂x
+ τ
∂
∂t
+ η
∂
∂u
= c1
∂
∂x
+ c2
(
− t
2
∂
∂t
+
∂
∂u
+ u
∂
∂u
)
+ c3
∂
∂t
(37)
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The Lie algebra of the point symmetry generators is spanned by:
X1 =
∂
∂x
,X2 = − t
2
∂
∂t
+
∂
∂u
+ u
∂
∂u
,X3 =
∂
∂t
(38)
Now every invariant solution satisfies the invariant surface condition:
η − ξux − τut = 0 (39)
which is quasilinear partial differential equation having Lagrange’s auxiliary equations:
dx
ξ
=
dt
τ
=
du
η
(40)
Solving (40) with c1 = 1, c2 = 1 and c3 arbitrary we get
u =
G(x+ 2 log(c3 − t2))
(c3 − t2)2
− 1 (41)
where G is an arbitrary function of single variable. By putting this value of u in (1) we get
the following ordinary differential equation:
−3G(r) + 5G′(r) + 2v20G′(r)2 − 2G′′(r) + 3mG′′(r) + 2v20G(r)G′′(r)− 5mG′′′(r)
+2mGiv(r) = 0 (42)
where r = x+ 2 log(c3 − t2).
Therefore, (41) gives a solution of (1), provided G satisfies (42). Equation (42) represents
a similarity reduction of (1). Here we present some numerical solutions of (42) for some
specific values of the parameters v0,m given in the table 1 :
10
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Figure 6: Plot of G(r) given in (42) with v0 = 5213.1,m = 1.7350× 10−4
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Figure 7: Plot of G(r) given in (42) with v0 = 5144.6,m = 1.4890× 10−4
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Figure 8: Plot of G(r) given in (42) with v0 = 5049.8,m = 1.0560× 10−4
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Figure 9: Plot of G(r) given in (42) with v0 = 4800.3,m = 1.5700× 10−4
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Figure 10: Plot of G(r) given in (42) with v0 = 4839.8,m = 1.6200× 10−4
7 Group Velocity, Phase Velocity:
To obtain the group velocity, phase velocity of (1) we use the perturbation technique. We
put u(x, t) = u0 + u1(x, t) in (1), where u0 is a constant equilibrium state and u1(x, t) is the
perturbation. (1) becomes
u1tt − v20u1xx − (v20u0u1xx +mu1ttxx) = 0 (43)
To obtain the phase velocity, group velocity we take u1(x, t) = exp {i(kx− ωt)}. Then
clearly ∂
∂t
≡ −iω and ∂
∂x
≡ ik. Using these results in (43) we get
ω2 =
(
1 + u0
1 +mk2
)
v20k
2 (44)
Thus we obtain the phase velocity as
vp =
ω
k
= ±
√
1 + u0
1 +mk2
v0 (45)
which depends on the wave number k, the wave is dispersive.
From (44) we obtain the group velocity
vg = ± 1
1 +mk2
√
1 + u0
1 +mk2
v0 =
1
1 +mk2
vp (46)
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Figure 11: Relation between frequency ω and wave no. k with v0 = 5213.1,m = 1.735 ×
10−4, u0 = 0
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Figure 12: Relation between normalized phase velocity vp
v0
and wave no. k with m = 1.735×
10−4, u0 = 0
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Figure 13: Relation between normalized group velocity vg
v0
and wave no. k with m = 1.735×
10−4, u0 = 0
Here we give some numerical values of vp, vg for some particular values of v0,m (given in
13
table 1)
Table 1: Numerical Values of vp, vg for some particular vo,m and k = 5, u0 = 0
Volume fraction of BaTiO3 v0 m vp vg
0%(PM) 5213.1 0.0001735 5201.83 5179.37
50%(MEE) 5144.6 0.0001489 5135 5116.01
100%(PE) 5049.8 0.0001056 5043.15 5029.87
Transverse isotropy (TI) 4800.3 0.000157 4790.91 4772.18
Elastic isotropy (EI) 4839.8 0.000162 4830.03 4810.55
8 Conclusion:
Here a Boussinesq type equation for longitudinal waves through MEE circular rod has been
investigated. The equation does not satisfy the Painleve´ criterion for integrability. Lie point
symmetry generators are obtained explicitly, one similarity reduction is found and solved
numerically. The obtained solitary wave solutions are plotted. A solution very similar to
(22) was found in [17] by Jacobi elliptic function method and also found in [20] by G′/G
expansion method. The solution (15) is a new solution, as per our knowledge it was not
found earlier. The exactness of the solutions are checked by Mathematica software. The
normalized group and phase velocity of the original dispersion equation are plotted with
respect to wave number k. The numerical values of phase velocity and group velocity are
calculated for different materials in table 1. We have observed that in the coupled class (PM,
MEE, PE) both the group and phase velocities attain their highest value for PM and lowest
value in PE. i.e. phase and group velocities decrease with increment of the volume fraction
of BaTiO3 in the composite material of the rod. These velocities are higher in coupled class
than in the purely elastic class (EI and TI).
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